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DEPTTI AND DELAY IN A NETWORK

v .  M .  t T R A P d n N K O

It is I widespread poirlt of vicrv rhat lhe tlelay ot'a combinational l.grc:rl uetwork is
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,f:* rrrat nrininrar networks can arso havc trris propL.rr]

:':::jl::.I": ::::l lil 
' c'r'hi,rario'at rogicar ner'ork can bc ,.,, ,;;; ,;;.'il,1i::'::::: ,,the netrvork is  rn in i rn l l .

An exarnple of suclr a network is given in Figure
I  {xr ,  .  ,  -y7 are innut  var iables,  .yr ,  .  .  .  ,  ls  van-
ab les  a t  t he  ou tpu ts  o f  r he  ce l l s  I r , .  .  . ,  I . s ) .  t r t  us
denote tlre valrres of the variables at t irne r by xrtr),
. . .  . . r r ( r ) .  r ' , ( r ) , .  . . . y 8 ( t ,  r c s p e c t i v e l y -  W e  r v i l l  a s -
sunre rhat rvhile the network is active the values of the
input variables renrai' uncrranged. This rreans that at
each tinre rvhich interests us the followine equality
l ro lds:

t ; ( t ) : r i ,  i : 1 , . . . , 1 .  ( l )

Further. we wil l assunle that each cell hls a delav
c ' q u o l  t o  l .  i . e .

l J ,  $)  :x , ( r -  t  )  Vr , ( t -  t  ) .

. ! t ,(. t) :y :(t- 
I  ) -r,  (r- r ) .

! r , ( t ) : ! t , ( t - 1 ) V  w ( t - t ) .  
( 2 )

Under these conditions it is the lorrgest chain
Er.  Er ,  Et ,  Eq,  f :6 ,  I i , , ,  f i ,  that  has t l re  rnaxi rnunr
delay. lt is not dilf icult to see that lhis clrcin does
not  in l luc ' r rce the output  of  the network.  In  fact ,
i l - . r ,  = 0.  t l rerr  thc cel l  f ,  is  open,  wl r i lc ,  i t . .yJ.= l ,
then the acriorr of the chain is duplicated by the
lastcr  chain E6,  t :7 ,1-r .  This  in tu i t ivc,  arqumcnt
ccn bc l i innal izer l  i f ,  us ing (2)  and (  l ) ,  wc r r ruke the
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l t ^U)  :y ' ( t  |  )  V. ry '  Q-  l ) :gr ( t -Z ' ,  nY y"( t  -2)  r t

:y,(t- i l )  r, .r,V (y. (r-3) Ve')r c' :  (y2(t-4) V.r. ) r.-r.V' {y 3(t-4) x,Vr,) -r,

- fu , (t -S) o' ! r, ) r'e. \r/ ( ( y' ( t - S) ! a. ) e, \/r, ) e,

: ( (r,\,/rz) rr\,/r.)r,r.V ( (y' rlt-G) crVe.) c'Vcr) c'.

\lrhoughJrr(r - 6) appears in the last line, in lealityyr(r) does not depefid onyr(r - 6) (one

!rn see rhis, for example, by expanding and sirnplifying the expression). It follows from this
rhar thc network given in Figure I has delay at most 6. At the same time, the delay of the

longest chain E, , 82, E3, Eo, Ee, E1, Es, and therefore the depth of the network, is 7.

It may seem strange that such a "nonworking" chain cannot be eliminated. The reason

rr that different parts of the chain belong to two different "working" chains: Er 82,83,

t '.. Es, f., ancl 86,81, Er, and thus not onc cell can be deleted from the "nonworking"

.hrin rvithout affecting the "working" chains.

We will now show that the network shown in Figure I is minimal (in the nuntber of

.clls) in thc class of networks constructed frc,m &, V, 
-lcells. 

This network, as is easy to

s.c. cv:rluates the function

rpo (.xr, . '  ., xr) :.r,f3J5Jo\,/J'strJsJcV.;tr(JlJ.VJ.-r5Jr' 'u/ Jr;t 'r.

I (r us dcnote by LA the number of cells in a minimal network for an arbitrary function I

It rs sul'f icient to show that

Z(q ' )  >8.  (3)

(irnsidr.r any minimal network for the function 9s. Since the function gs depends essen-

t r r l l v o n t h e v a r i a b l e x r , t h e r e i s a c e l l i n t h e n e t w o r k w i t h i n p u t x r .  P u t t i n g l r  = 0 a n d

Jclering from the network at least one cell (the cell with input xt and possibly the cells

t. ' l lowing it), we obtain a network for the function

g, (tr, . . ., &l :t2t3r3r6\,/ l,"gLr'r�eV r])s.rzVcss;.

l:ronr what has been said it is clear that

I (q ' )  > [ ' (q , ) *1 .  (4 )

Now consider any minimal network for the function 91 . Obviously there is a cell in it

rrrh input xr. lf it is an &-cell or a ftell, put.x2 = 0 and, deleting at least trvo cells (the

cr.lt with input x, and at least one cell following it), obtain a network for the function

gr(rr, . . ., l �r) :x.,xscaV x1x5z1\,/ esr1.

tf tt is an Vcell, put.r2 = I and, deleting at .east two cells, obtain a network for the func-

Iton

9, (3r, - - . , xr\ :rsrsta\t/ x' ' ,tsrtV t&zr7\,/rrlr.

ln this way at least one of the following inequalities holds:

Z (q , )  2L (9 ) *2 ,  L (q , \> -L (ps l *2 .  ( 5 )

Next, put re : I in a minimal network for the function g2 and, in a network for the

function g3. In eithercase, deletingat least c'ne cell we obtain a network for the function

9, (rr, trs, xe, x1) ='r5x6\r/ xoxl\r/ xrxr.
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From this it follows thar

L(q, ) )L(e)*  t ,  L@i>L(v, )+t .
Hence, regardress of which of the inequarities in (5) hotds, the folro*ng is satisfied:

L (q , )>L (q ) *8 .
kt us now look ar any minimar network for rhe frrr^rj^- 

(6)

put -rr. tf it is .n a*"r'r ;'; T:T"::.'::"'*:t 
the runction ea and a cetl in it with in.

nerwork for r'e fun.ri:lj 
or a -1+ell, 

put.r3 = 0 and, deleting otll"st two cells, ,btai. a

9t (tr ,  J.a, xr) :xszcV rsxr.

ff 
" an V'celr, put x3 = I and, dereting at reast two cells, obtain a network for the func-
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Q"(zr, t* xt):tsXcVtz. .r
Then one of the following inequalities holds:

L (q,) >L(q,) *2, L(q,)>L (q") i_2.
The functions 9s ancr g5 depend essentiaty on alr their variabres. flence,

L(9 , )22 ,  L (q , )>2 .
Therefore' no matter which of the inequariries in (7) hords. the foilowing bound is varid:

L ( rp , )>4 .  
(B lFrom (4), (6) and (8) we get (3). Thus, we have also proved thris minirrral and its delay ls smarr.. ,r,." i,, depth. 

at the network of Figure t
Other minimat networks for the function gs do not, howe!for exarnpre trre network constructed in accordance with u," ,";r;"oossess 

this properry,

gu( r , ,  .  . . ,  x r ) : (  ( * . ,  V  r rV  ro ) roz"V t r )  ( r rV  t ,z , ) .
In connection with this the author hstronger properties, which allows us to forr 

constructed a sequence of-networks having
there exists o n*r"on runction 11 such ;_::::,;:;":tt},T:;t:^: 

ror every no*,oi,
I * g and depth 2l * g. 

q'. ututrrsry mrntmal network for f, has dela1,

0",, - T,! ilil::u,'tat 
for a srnaller class of nerworks - rhose w*hout branching ce, our.

f * i I ]:ii,n, * T: ;::, tTI ;Tt ili:' T1,,,:: Ji:ml*m: ktl,, "
rhe ourput or tn" nrtlior;:"'tt 

bv deletirrg the cells ,ur,or" ,ignuis-'rake too long ro reacrr

^ 
For this rcason, even though delay doe

i?:iffi ifi":.",ilT",'j'":'Jk,*lr;tiffirryilj;'.*::**i,,-ili'lilll;
satisfy sonre "u,nlin.rtor,;;;;,,::l::: l' 

" network for a given Boolean r'un"tion n*r,rn,his .,,.,h, ;,;;;Til.,ff:1,H;":ffo";:1;;;yl;i;,, ce,rs and its de,ay
sibre trrat ar the cxpense oran rn.ruur"ln ill,n 

:T n.,*oj di;ii:"j"i"ri;"illllli,
fi"t"t""'r,||Tase 

trre number of its ceils- th, rotto*n, "-.",orrr,rustrates the rikerihrr*l

1008



lu. _)

(71

(8)

I

( 6 )

th in-

n a

('t lnsider a nctwork ' l 'a ;rarallerl adder wlh acctltrarirlr carry circuils. [rt ., .yzhc rhe digits of thc first sulrrrrrand (l isted fronr r:he ntost significant), .vt, . . ., /,, ,,.,. digrtslrl lhe second sumtnand, and let the digits in th: construction of the carly circuits be parti-Ironed into groups of & digits each.
we wit describe the c.nstruction of a section of t 'e networlnifjcanr group (for other groups rhe corresponding sections of the :jil:#:1j'ffi:.ij;sirrrilarly). rn the beginning of the carcuration it conrputes secondary digits:

tr , :x,v, ,  L":r iv u, ,  I<i</, . .
rnd at t'e end of the carcuration, depending.on rhe catry wkgoing into a ress significant

ii;1,*'lr:t;r"ilin 
the acceleration carrvlircuir, it "ompuleJ.rri,", for alt the renrainins

Iol-1:tty\,/ L'flo4

'  
wr:urMu4u'=. 

(9)

Also' this section of the network computes two firnctions necessary for the construction or.lcceleration carry circuits:

l (u, ,  u, , . . . ,  r r r )  : t t , \ /u,( ; i7; . ( , ; : :v. . .  et^_,Vuu_,rru) . . . ) ) .  ( r0)
l . t us sce that happens if, for the computation of the functi on f(ur, ut, . . . , /r). instead,rl (10) two such equalit ies are used:

,
t

t
4-

t
a

l l ro:ut \r /u,t t : , ;

l ( u , ,  u , ,  . .  . ,  t t a )  : u o ( u t V u . V .  .  . V  u ^ )

( t  t )

(t2)
*
i
I
f

f
I

T
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I

t
J

i

t
T

I

*
f,q.
v:

T
t
!
J

Es
!t;

( (  l l )  is  easy to ver i fy  by consecut ivc ly  get t ing r id  . f  wo.  .  .  .  ,w*_,  us ing ( r  r )  and (9)"rnd.pening parenttteses both in the resulting expression and in (l)). Lrt us turn our atten-tr( 'rr ro the f<rl lowing pecuriarity of (12): in spite of the fact tha; % depends on w* (see{ I l) rnd (9)), the function f,@r, r, u1) does not depend on w&. Thanks to rhis,dtrring tlte transfornlation of the network under considcration its delay hardly changes. whiletls dcpth grows sharply and becomes rarger than 2^. At the same time, trre number ofccils in tfre network decreases to (,t _ 4)n/k, provided, of cours€, k> 4.In this paper we have only considered combin:rtional logical networks. The auth.r,lrt lwcvfr' assumes that the distinction between delay and depth can also be observed in nrany()ther cyberneticar networks. In other words, if a syr;tem of objects (events, etc.) has a su[_ticiently complex structure, then it is quite possible r.o trace a multiJever connection in it.lclding from one object (event, etc.) to another, whir:h, however, cannot for sonre reason or

;';:,::j-,t'it 
itself' Some of rhese reasons have b:en indicated in consicrering the network
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